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1. Introduction
The Riemann–Liouville and Weyl transforms [9,11,13] are defined respectively by
Rα(f )(x) = 2(α + 1)√
π(α + 12 )
1∫
0
(
1 − t2)α−1/2f (xt) dt
and
Wα(f )(x) = 2(α + 1)√
π(α + 12 )
∞∫
x
(
y2 − x2)α−1/2f (y)y dy.
It is well known [13] that Rα (respectively Wα) is an isomorphism from E∗(R) (the space of
even infinitely differentiable functions on R) into itself. In other hand, on some subspace of
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834 F. Bouzeffour / J. Math. Anal. Appl. 336 (2007) 833–848S∗(R) (the space of even infinitely differentiable functions R rapidly decreasing together with
all their derivatives) we have the following inversion formulas for Rα and Wα{
f = K1αWαRα(f ),
g = RαK1αWα(g)
and {
f = Wα,qK2α,qRα,q(f ),
f = K2α,qRα,qWα,q(f )
where the operator K1α and K2α are given by [13,14]
K1α(f ) =
π
22α+12(α + 1)F
−1
0
(
λ2α+1F0(f )
)
,
K2α(f ) =
π
22α+12(α + 1)F
−1
B
(
λ2α+1FB(f )
)
.
F0 is the usual Fourier cosine transform and FB is the Fourier–Bessel transform.
During the last years many authors study the fractional q-integral and q-derivatives, we cite
Al-Salam [1], Agarwal [2], Ismail [6]. In this work, we are concerned with inversion formu-
las with q-integro-differential operators. We begin by introduce some q-analogues of fractional
transform. We need these transforms to give a new proof of the inversion formula for the q-
analogue of Riemann–Liouville and q-Weyl transforms [6]. Next, we use the q-integral of Weber
and Schafheitlin [10] to give a simple expression of the q-analogue of K1α and K2α.
We begin by recalling some q-elements of quantum analysis adapting the notation used in the
book of Gasper and Rahman [5] and the book of Ismail [6]. Let a and q be real number such that
0 < q < 1, the q-shift factorial is defined by
(a;q)0 = 1, (a;q)n =
n−1∏
k=0
(
1 − aqk), n = 1,2, . . . ,∞.
A basic hypergeometric series is
rϕs(a1, . . . , ar ;b1, . . . , bs;q, z) =
∞∑
k=0
(a1, . . . , ar ;q)k
(b1, . . . , bs, q;q)k
[
(−1)kq(k2)]1+s−rzk. (1)
A function f is q-regular at zero if limn→∞ f (xqn) = f (0) exists and is independent of x.
The q-derivative Dqf [7] of a function f is defined by
Dqf (x) = f (x) − f (qx)
(1 − q)x , x = 0.
The q-derivative at zero is defined by
Dqf (0) = lim
n→∞
f (xqn) − f (0)
xqn
,
if it exists and does not depend on x.
The q-integral of Jackson [8] is defined by
a∫
f (x)dqx = (1 − q)a
∞∑
k=0
f
(
aqk
)
qk,0
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0
f (x)dqx = (1 − q)
∞∑
k=−∞
f
(
qk
)
qk.
The q-analogue of the Gamma function is defined as
q(x) = (q;q)∞
(qx;q)∞ (1 − q)
1−x,
which tends to (x) when q tends to 1−.
2. q-Fractional transform associated with q-Bessel operator
2.1. q-Bessel operator
The normalized q-Bessel functions are defined by
j (3)α
(
x;q2)= (1 + q)αq2(α + 1)(q−1x)−αJ (3)α ((1 − q)q−1x;q2), (2)
where the third q-Bessel functions J (3)α (x;q2) are defined by [12]
J (3)α
(
x;q2)= xα(q2α+2;q2)∞
(q2;q2)∞ 1ϕ1
(
0;q2α+2;q2, q2x2).
We recall the following definition of the q-cosine function
cos
(
x;q2)= ∞∑
n=0
(−1)nqn(n−1) (1 − q)
2n
(q;q)2n x
2n, (3)
a simple calculation shows that
j
(3)
−1/2
(
x;q2)= cos(x;q2).
For α > − 12 and ln(1−q)lnq ∈ Z, we have the estimate (see [4])∣∣j (3)α (qn;q2)∣∣ 1(q;q2)2∞ , n ∈ Z. (4)
The normalized q-Bessel functions jα(λz;q2) satisfy the q-difference–recurrence relations
1
x
Dqj
(3)
α
(
x;q2)= − 1 − q
1 − q2α+2 j
(3)
α+1
(
qx;q2), (5)
1
x
Dq
(
x2αj (3)α
(
x;q2))= 1 − q2α
1 − q x
2α−2j (3)α−1
(
x;q2) (6)
and the q-difference equation (see [4])
q,αy(x) = −λ2y(x), (7)
where the q-Bessel operator q,α is defined by
q,αy(x) = 1
(q−1x)2α+1
Dq−1
(
x2α+1Dqy
)
(x). (8)
We denote by
q = q,−1/2. (9)
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malized q-Bessel functions (see [4]).
Proposition 1.
j (3)α
(
x;q2)= (1 + q)q2(α + 1)
q2(
1
2 )q2(α + 12 )
1∫
0
(q2t2;q2)∞
(q2α+1t2;q2)∞ cos
(
xt;q2)dqt.
2.2. q-Riemann–Liouville and q-Weyl transforms
We denote by
• Eq∗(R) the space of even q-continuous at zero and infinitely q-differentiable functions on R.
Eq∗(R) is endowed with topology generated by the semi-norms
ρn,m(f ) = sup
0kn, lm
∣∣kqf (xql)∣∣, n ∈ N, m ∈ Z.
• Dq∗(R) the space of even q-continuous at zero and infinitely q-differentiable functions on
R with compact support.
• Sq∗(R) the space of even q-continuous at zero infinitely q-differentiable and fast decreasing
functions on R
μk,l(φ) = sup
n∈Z
∣∣(xqn)2lkq(xqn)∣∣< ∞, l, k ∈ N.
Sq∗(R) is endowed with the topology by the semi-norms μk,l .
• M the subspace of Eq∗(R) consisting of functions f such that
lim
l→+∞
(
D2kq f
)(
xql
)= 0, k = 0,1, . . . .
Lemma 1. The operator d
dqx2
= 1
(1+q)xDq is continuous from Eq∗(R) (respectively S∗q(R)),
(respectively D∗q(R)) into itself.
Proof. The result follows from the relations
d
dqx2
f (x) = 1
(1 + q)
1∫
0
D2qf (tx) dqt, x > 0, f ∈ S∗,q (R)
= − 1
(1 + q)
∞∫
1
D2qf (tx) dq t, f ∈ S∗,q (R), x > 0.  (10)
Proposition 2. For all μ ∈ C, the mapping
f → |x|μf
is continuous from M into itself.
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k ∈ N, one proves easily that
g(x) = |x|μf (x)
= |x|
μ+2p+2kq2(p+k)−1(1 − q)2(p+k)−1
(q;q)2(p+k)−1
1∫
0
(t, q)2p+2k−1
(
D
2p+2k
q f
)
(tx) dqt.
Since the functions
x → |x|μ+2p+2k,
x →
1∫
0
(t, q)2p+2k−1
(
D
2p+2k
q f
)
(tx) dqt
are q-differentiable of order k, we deduce that the function f is infinitely q-differentiable and
belongs to M, we deduce that the mapping f → |x|μf is continuous. 
Put
Hμ,q(f )(x) =
{
1+q

q2 (μ)
x2μ
∫ 1
0
(t2q2;q2)∞
(t2q2μ;q2)∞ f (xt)t dq t, x > 0,
f (0), x = 0.
Lemma 2. For μ ∈ C, Reμ > 0, the mapping f → Hμ,q(f ) is continuous from M into itself.
Proof. The result follows from Proposition 2. 
Now, for x > 0, the function
μ → Hμ,q(f )(x)
is analytic in the half plane {μ ∈ C, Re(μ) > 0} and has analytic extension to the plane C by the
formula
Hμ,q(f )(x) = 1 + q
q2(μ + n)
x2(μ+n)+1
1∫
0
(y2q2;q2)∞
(y2q2(μ+n);q2)∞
(
d
dqy2
)n
f (xy)y dqy,
where
Re(μ + n) > 0.
Moreover, we have the properties:
Hμ,q ◦ Hν,q(f )(x) = Hμ+ν,q(f )(x), μ, v ∈ C,
H0,q (f )(x) = f (x).
This implies that for all μ ∈ C, the mapping Hμ,q is a topological isomorphism from M into
itself for which H−μ,q is the inverse isomorphism.
The q-Riemann–Liouville transform Rα is defined by
Rα,q(f )(x) =
⎧⎨
⎩
(1+q)
q2 (α+1)

q2 (
1
2 )q2 (α+ 12 )
∫ 1
0
(t2q2;q2)∞
(t2q2α+1;q2)∞ f (xt) dq t if x > 0,
f (0) if x = 0.
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inverse is given by
(i) if − 12 < α < 12
R−1α,q(f )(x) =
q2(
1
2 )
q2(α + 1)q2(−α + 12 )
Dq
[
x
1∫
0
(t2q2;q2)∞
(t2q−2α+1;q2)∞ f (xt)t
2α+1 dqt
]
;
(ii) if α = r + k, k = 1,2, . . . , − 12 < r < 12
R−1α,q(f )(x) =
(1 + q)q2( 12 )x
q2(α + 1)q2( 12 − r)
×
1∫
0
(t2q2;q2)∞
(t2q−2r+1;q2)∞
(
d
dqx2
)k+1(
f (xt)x2k+2
)
t2α+1 dqt;
(iii) if α = k + 12 , k = 0,1, . . .
R−1α,q(f )(x) = (1 + q)2k+1
q2(k + 1)
q(2k + 2)x
(
d
dqx2
)k+1(
x2k+1f (x)
)
.
Proof. From Proposition 2, we know that for all μ ∈ C the mapping f → |x|μf is an isomor-
phism from M into itself. On the other hand we have
Rα,q(f )(x) =
q2(α + 1)
q2(
1
2 )
|x|−2αH
α+ 12 ,q
(
f
|y|
)
(x)
which implies that
R−1α,q(f )(x) =
q2(
1
2 )
q2(α + 1)
xH−α− 12 ,q
(
y2αf
)
.
We obtain the result by the expression of H−α− 12 ,q . 
Another important fractional transform is defined by
Kμ,q(f )(x) = 1 + q
q2(μ)
∞∫
qx
((x/t)2q2;q2)∞
((x/t)2q2μ;q2)∞ f (t)t
2μ−1 dqt,
μ ∈ C, Reμ > 0, f ∈ S∗q(R).
We have the following result.
Proposition 3. For all μ ∈ C, Reμ > 0, the transform Kμ,q is continuous from D∗q(R) (respec-
tively S∗q(R)) into itself.
On the other hand for f ∈D∗q(R) (respectively S∗q(R)) and x  0, the function
μ → Kμ,q(f )(x)
is analytic in the half plane {μ ∈ C, Reμ > 0} and can be extend to an analytic function on C.
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Kμ,q ◦ Kv,q = Kμ+v,q ,
K0,q (f )(x) = f (x).
Definition 1. The q-Weyl transform is defined by
Wα,q(f )(x) =
(1 + q)q2(α + 1)
q2(
1
2 )q2(α + 12 )
∞∫
qx
(x2/t2q2;q2)∞
(q2α+1x2/t2;q2)∞ f (t)t
2α dqt. (11)
Proposition 5. We have
∞∫
0
Rα,q(f )(x)g(x)x
2α+1 dqx =
∞∫
0
f (x)Wα,q(g)(x) dqx.
Theorem 2. The q-Weyl transform is an isomorphism from D∗q(R) (respectively S∗q(R)) into
itself.
3. q-Convolution
We suppose that ln(1−q)lnq ∈ Z.
The skeleton φˆ of φ ∈ S∗q(R) is the set of the evaluations of φ on the lattice generated by the
powers of q
φˆ(z) = φ(z)|z=qn , n ∈ Z.
We denote by S∗q(Rq) the space of skeletons. The topology in S∗q(Rq) is induced by the topol-
ogy in S∗q(R).
Lemma 3. Let (αn)n∈Z, (βn∈Z), (γn)n∈Z and (δn)n∈Z be sequences of complex numbers defined
by
βn = q
(2−n)n(q;q)2n
(1 − q)2n
n∑
k=−n
(−1)n−k q
(n−k2 )
(q;q)n−k(q;q)n+k αk, n ∈ Z, (12)
γk =
∑
n|k|
(−1)n−k q
(n−k2 )
(q;q)n−k(q;q)n+k δn, k ∈ Z, (13)
then we have
∞∑
n=−∞
αnγn =
∞∑
n=−∞
βnδn. (14)
Proposition 6. For f ∈D∗q(R), we have
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n=0
(−1)nqn(n−1)(1 − q)2n
(q;q)2n 
n
q,xf (x)y
2n
=
∞∑
s=−∞
qs
(
x
y
)2s
(q1+2s;q)∞
(q;q)∞ 1ϕ1
(
0;q1+2s;q, q x
2
y2
)
f
(
yqs
)
.
Proof. By induction on n, one proves easily that
nq(f )(x) =
q(2−n)n(q;q)2n
(1 − q)2n
n∑
k=−n
(−1)n−k q
(n−k2 )
(q;q)n−k(q;q)n+k f
(
qkx
)
.
Put
αn = f
(
qnx
)
and δn = (−1)
nqn(n−1)(1 − q)2n
(q;q)2n y
2n.
So that
βn = nq(f )(x).
By formula (2.6) in [10], we have
γn = qn
(
x
y
)2n
(q1+2n;q)∞
(q;q)∞ 1ϕ1
(
0;q1+2n;q, q x
2
y2
)
.
This completes the proof. 
We define the q-translation associated to q by
Tq,yf (x) =
∫
f (t) dqμ(x,y)(t), f ∈D∗q(Rq) (15)
where
dqμ(x,y) =
∞∑
s=−∞
qs
(
x
y
)2s
(q1+2s;q)∞
(q;q)∞ 1ϕ1
(
0;q1+2s;q, q x
2
y2
)
δyqs .
Remark that when q → 1− the q-translation (15) tends to the classical even translation σxf (y)
given by
σxf (y) = 12
(
f (x + y) + f (x − y)).
Proposition 7. For all f ∈D∗q(Rq), we have
(i) Tq,yf (x) = Tq,xf (y),
(ii) Tq,y cos
(
x;q2)= cos(x;q2) cos(y;q2),
(iii)
∞∫
0
Tq,yf (x) dqx =
∞∫
0
f (x)dqx.
F. Bouzeffour / J. Math. Anal. Appl. 336 (2007) 833–848 841Proof. (i) From the formula (2.6) in [10], we have
qs
(
1+2(n−m)) (q1+2(n−m);q)∞
(q;q)∞ 1ϕ1
(
0;q1+2(n−m);q, q2s+1)
= q(s+m−n)[1+2(m−n)] (q
1+2(m−n);q)∞
(q;q)∞ 1ϕ1
(
0;q1+2(m−n);q, q2(s+m−n)+1)
this completes the proof.
(ii) The result follows from Proposition 6.
(iii) From [10, Theorem 2.3] we find
∞∑
m=−∞
qm[1+2s] (q
1+2m;q)∞
(q;q)∞ 1ϕ1
(
0;q1+2m;q, q2s+1)= 1,
hence
∞∫
0
Tq,xf (y) dqy
= (1 − q)
∞∑
s=−∞
( ∞∑
m=−∞
qm[1+2s] (q
1+2m;q)∞
(q;q)∞ 1ϕ1
(
0;q1+2m;q, q2s+1)
)
f
(
qn+s
)
qn+s
=
∞∫
0
f (y)dqy. 
The q-convolution product of two functions f and g in S∗,q (R) is given by
f ∗q g(x) =
∞∫
0
Tq,xf (y)g(y) dqy. (16)
When q tends to 1, we obtain
f ∗ g(x) =
∞∫
0
σxf (y)g(y) dy.
We define the q-translation associated with the q-Bessel operator by
T
α,q
x f (y) = Rα,q,xRα,q,y
[
Tq,xR
−1
α,q(f )(y)
]
and the convolution product associated with the q-Bessel operator by
f ∗α,q g(x) =
∞∫
0
T
α,q
x f (y)g(y)y
2α+1 dqy.
4. q-Bessel–Fourier transform
In this section we investigate the q-Bessel–Fourier transform of functions in q-analogue of
Schwartz space. We first introduce some functions classes.
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• S∗q,α(Rq) the subspace of S∗q(Rq) consisting of functions f such that
∞∫
0
f (x)x2k+2α+1 dqx = 0, k = 0,1, . . . .
• S0∗q(Rq) the subspace of S∗q(Rq) consisting of functions f such that
lim
l→+∞
k
qf
(
ql
)= 0, k = 0,1, . . . .
The q-Bessel–Fourier transform is defined on S∗q(Rq) by (see [4])
Fα,q(f )(λ) =
∞∫
0
f (x)j (3)α
(
λx;q2)x2α+1 dqx.
In particular, we denote by F the q-Fourier cosine transform defined by (see [3])
F(f )(λ) =
∞∫
0
f (x) cos
(
λx;q2)dqx.
Koornwinder and Swarttouw (see [10]) established the following theorem.
Theorem 3.
(i) Plancherel formula: For all f in S∗q(R), we have
∞∫
0
∣∣f (x)∣∣2x2α+1 dqx = q−2(α+1)(1 + q)−2α
2
q2
(α + 1)
∞∫
0
∣∣Fα,q(f )(λ)∣∣2λ2α+1 dqλ.
(ii) The transform Fα,q extends to an isometric isomorphism from L2(x2α+1 dqx) into itself.
Lemma 4. Suppose that f ∈ E∗q(R). Then
(i) for n ∈ N, nq,αf extends to an even q-continuous at zero and infinitely q-differentiable
function on R where 0q,αf = f and n+1q,α f = q,α(nq,αf );
(ii) We have
sup
n∈Z
∣∣q,αf (xqn)∣∣ 1 − q2α+21 − q supn∈Z
∣∣qf (xqn)∣∣.
Proof. (i) By (8), we have
q,αf (x) = qf (x) + q(1 − q
2α+1)
(1 − q)x Dqf (x)
= qf (x) + q(1 − q
2α+1)
1 − q
1∫
D2qf (tx) dq t. (17)0
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lim
n→∞q,αf
(
qnx
)= 1 − q2α+2
1 − q D
2
qf (0).
Define q,αf (0) = 1−q2α+21−q D2qf (0). Then q,αf extends to an q-continuous function at zero.
It is easy to see that q,αf is infinitely q-differentiable function and (i) follows by induction.
(ii) From (17), we have
sup
n∈Z
∣∣q,αf (xqn)∣∣ 1 − q2α+21 − q supn∈Z
∣∣qf (xqn)∣∣. 
Theorem 4.
(i) For α > − 12 , the q-Bessel–Fourier transform is a topological isomorphism from S∗q(Rq)
into itself and its inverse is given by
F−1α,q =
1
q2(α+1)(1 + q)2α2
q2
(α + 1)Fα,q .
(ii) For α > − 12 , the q-Bessel–Fourier transform is a topological isomorphism from S∗q,α(Rq)
into S0∗q(Rq).
Proof. (i) Let f ∈ S∗q(Rq). From the formula
qf (x) = α,qf (x) − q(1 − q
2α+1)
(1 − q)x Dqf (x)
and the recurrence relation (5) there exists a constant αk,i such that
kqj
(3)
α
(
λx;q2)= λ2k k∑
i=0
αk,ij
(3)
α+i+1
(
λqi+1x;q2).
So that
λ2lkqFα,q(f )(λ) = λ2(k+l)
k∑
i=0
αk,i
∞∫
0
f (x)j
(3)
α+i+1
(
λqi+1x;q2)x2α+1 dqx
=
k∑
i=0
(−1)k+lαk,iq−2(i+1)(k+l)
×
∞∫
0
k+lα,q f (x)j
(3)
α+i+1
(
λqi+1x;q2)x2α+1 dqx.
Let m ∈ N be such that −m + 2α + 1 < 0, by the estimation (4) we have
sup
n∈Z
∣∣q2nlkqFα,q(f )(qn)∣∣
 1
(q;q2)2∞
k∑
i=0
q−2(i+1)(k+l)|αk,i |
{
μl+i,0(f )
1 − q2α+1 +
qm−2α−1
1 − qm−2α−1 μl+i,m(f )
}
< ∞.
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(ii) The result follows from the formula
qFα,q(f )(λ) = −
∞∫
0
f (x)jα
(
λx;q2)x2+2α+1 dqx
+ q 1 − q
2α+1
1 − q
∞∫
0
f (x)jα+1
(
λx;q2)x2+2α+1 dqx. 
The following result is obvious.
Proposition 8.
(i) Fα,q(T α,qx f )(y) = j (3)α (x;q2)Fα,q(f )(y).
(ii) Fα,q(f ∗α,q g) =Fα,q(f )Fα,q(g).
(iii) Fα,q(f ) =F◦Rα,q(f ).
(iv) F(f ) =Fα,q ◦ W−1α,q(f ).
Proposition 9. For all f ∈ S∗q,α(Rq) and g ∈ S∗q(Rq), we have
f ∗α,q g ∈ S∗q,α(Rq).
Proof. The result follows from Theorem 4 and the formula
f ∗α,q g =F−1α,q
(Fα,q(f )Fα,q(g)). 
5. Inversion formula for q-Riemann–Liouville and q-Weyl transforms
Theorem 5.
(i) The operator K1α defined by
K1α,q(f )(x) =
2
q2
( 12 )
q2α+1(1 + q)2(α+1)2
q2
(α + 1)F
−1(|λ|2α+1F(f ))(x)
is a topological isomorphism from S∗q,−1/2(Rq) into itself.
(ii) The operator K2α defined by
K2α,q(f )(x) =
2
q2
( 12 )
q2α+1(1 + q)2(α+1)2
q2
(α + 1)F
−1
α,q
(|λ|2α+1Fα,q(f ))(x)
is a topological isomorphism from S∗,α,q(Rq) into itself.
Proof. From Proposition 2, the mapping f → |λ|2α+1f is an isomorphism from S0∗q(Rq) into
itself and the result follows from Theorem 3(ii) for f
K2α,q(f ) = W−1α,qK1α,qWα,q(f ).  (18)
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(i) For all f ∈ S∗q,−1/2(Rq) and g ∈ S∗q(Rq), we have
K1α,q(f ∗q g) = K1α,q(f ) ∗q g.
(ii) For all f ∈ S∗q,α(Rq) and g ∈ S∗q(Rq), we have
K2α,q(f ∗α,q g) = K2α,q(f ) ∗α,q g.
Proof. We have
K1α,q(f ∗q g) =
2
q2
( 12 )
q2α+1(1 + q)2(α+1)2
q2
(α + 1)F
−1(|λ|2α+1F(f ∗q g))
=
2
q2
( 12 )
q2α+1(1 + q)2(α+1)2
q2
(α + 1)F
−1(|λ|2α+1F(f )F(g))
=
2
q2
( 12 )
q2α+1(1 + q)2(α+1)2
q2
(α + 1)
{F−1|λ|2α+1F(f )} ∗q g
= K1α,q(f ) ∗q g.
(ii) In the same way as (i), we have
K2α,q(f ∗α,q g) =
2
q2
( 12 )
q2α+1(1 + q)2(α+1)2
q2
(α + 1)F
−1
α
(|λ|2α+1Fα(f ∗α,q g))
=
2
q2
( 12 )
q2α+1(1 + q)2(α+1)2
q2
(α + 1)F
−1
α
(|λ|2α+1Fα(f )Fα(g))
=
2
q2
( 12 )
q2α+1(1 + q)2(α+1)2
q2
(α + 1)
{F−1α (|λ|2α+1Fα(f ))} ∗α,q g
= K2α,q(f ) ∗α,q g. 
Theorem 6.
(i) For all f ∈ S∗q,α(Rq), we have the inversion formula for the operator Rα{
f = Rα,qK1α,qWα,q(f ),
f = Wα,qRα,qK1α,q(f ).
(ii) For all f ∈ S∗q,−1/2(Rq), we have the inversion formula for the operator Wα,q{
f = Wα,qK2α,qRα,q(f ),
f = Rα,qWα,qK2α,q(f ).
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f (x) = q
−2(α+1)(1 + q)−2α
2
q2
(α + 1)
∞∫
0
Fα,q(f )(λ)j (3)α
(
λx;q2)λ2α+1 dqλ
= q
−2(α+1)(1 + q)−2α
2
q2
(α + 1) Rα,q
[ ∞∫
0
Fα,q(f )(λ) cos
(
λx;q2)λ2α+1 dqλ
]
= q
−2(α+1)(1 + q)−2α
2
q2
(α + 1) Rα,q
[ ∞∫
0
F ◦ Wα,q(f )(λ) cos
(
λx;q2)λ2α+1 dqλ
]
=
2
q2
( 12 )
q2α+1(1 + q)2(α+1)2
q2
(α + 1)Rα,q
[F−1(λ2α+1F◦Wα,q(f ))](x)
= Rα,qK1α,qWα,q(f ). 
Proposition 11.
(i) For all f,g ∈ S∗q(Rq), we have
Wα,q(f ∗α,q g) = Wα,q(f ) ∗q Wα,q(g).
(ii) For all f ∈ S0∗q(Rq) and g ∈ S∗q(Rq), we have
Rα,q(f ∗q g) = Rα,q(f ) ∗α,q W−1α,q(g).
Proof. (i) From Proposition 9, we have
Wα,q(f ∗α,q g) =F−1 ◦Fα,q(f ∗α,q g)
=F−1(Fα,q(f )Fα,q(g))
=F−1 ◦Fα,q(f ) ∗q F−1Fα,q(g)
= Wα,q(f ) ∗q Wα,q(g).
(ii) We use Theorem 6 and Proposition 10, we obtain
R−1α,q
(
Rα,q(f ) ∗α,q W−1α,q(g)
)= Wα,qK2α,q(Rα,q(f ) ∗α,q W−1α,q(g))
= Wα,q
(
K2α,qRα,q(f ) ∗α,q W−1α,q(g)
)
= Wα,qK2α,qRα,q(f ) ∗q (g).
On the other hand
Wα,qK
2
α,qRα,q(f ) = f.
So that
R−1α,q
(
Rα,q(f ) ∗α,q W−1α,q(g)
)= f ∗q g.
This completes the proof. 
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(i) For α > − 12 and f ∈ S∗q,−1/2(Rq), the operators K1α,q have the form
K1α,q(f )(x) =
2
q2
( 12 )
(1 − q)2(α+1)2
q2
(α + 1)
∞∫
0
G1α,q(x, y)f (y) dqy
where
G1α,q(x, y) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
y−2(α+1) (q
2α+3, q2x2/y2;q2)∞
(q−2α−1x2/y2, q2;q2)∞ ,
x−2(α+1) (q
2α+3, q2y2/x2;q2)∞
(q−2α−1y2/x2, q2;q2)∞ .
(ii) For α > − 34 and f ∈ S∗q,α(Rq), the operators K2α,q have the form
K2α,q(f )(x) =
2
q2
( 12 )
(1 − q2)2(α+1)2
q2
(α + 1)
∞∫
0
G2α,q(x, y)f (y)y
2α+1 dqy
where
G2α,q(x, y) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
y−(4α+3) (q
2α+3, q2α+2;q2)∞
(q4α+3, q2;q2)∞
× 2ϕ1
(
q2α+3, q4α+3;q2α+2;q2, q−(2α+1)x2/y2),
x−(4α+3) (q
2α+3, q2α+2;q2)∞
(q4α+3, q2;q2)∞
× 2ϕ1
(
q2α+3, q4α+3;q2α+2;q2, q−(2α+1)y2/x2).
Proof. The result follows from the q-analogue of integral of Weber and Schafheitlin [10, (4.8)]
q−2(α+1)(1 + q)−2α
2
q2
(α + 1)
∞∫
0
λ−γ−1j (3)α
(
λx;q2)j (3)α (λy;q2)λ2α+1 dqλ
=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
q−γ−1(1 − q)γ yγ−2α−1 (q
−γ+1, q2α+2;q2)∞
(q−γ+2α+1, q2;q2)∞
× 2ϕ1
(
q−γ+1, q−γ+2α+1;q2α+2;q2, qγ+1x2/y2),
q−γ−1(1 − q)γ xγ−2α−1 (q
−γ+1, q2α+2;q2)∞
(q−γ+2α+1, q2;q2)∞
× 2ϕ1
(
q−γ+1, q−γ+2α+1;q2α+2;q2, qγ+1y2/x2). 
(19)
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